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Abstract: A continuum approximation (CA) model is formulated in this study for a long-term transit corridor design
considering residential location choices. The modeled region is a linear corridor connecting multiple job centers (of
which the traditional monocentric model becomes a special case), and households are continuously located along the
corridor. The derived travel demand is split to the job centers according to the proximity of their residential locations
to the centers. This paper optimizes the transit system design with respect to the combinations of short- and long-haul
lines, the location-varying stop density, and service headways under the constraint of housing market equilibrium in a
long run. The optimization problem is solved by a two-stage approach integrating the Direct Iteration method and the
Lagrange Multiplier Method with the Karush-Kuhn-Tucker condition. Numerical results show that: (i) as opposed to
the conventional transit design models (that are mostly built in a monocentric corridor), the proposed model reveals
substantially different results regarding to the household distribution and the optimal design of the transit system; (ii)
it is found that the optimal transit system is mainly influenced by the distance between centers as well as their
attractions (quantified by travel demand split ratios of households); and (iii) different transit modes (e.g., bus and
metro) may lead to various long-term development patterns in the corridor in terms of the transit configuration,
corridor boundaries, as well as household distribution.
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1 Introduction

Serving as the major mass transport mode, transit systems impose substantial impacts on urban land use
pattern, property value, and housing market (Cervero and Landis, 1997; Ho and Wong, 2007; Suzuki et
al.,2013; Yin et al., 2013; Kay et al., 2014). Associated with the changes in urban land use, the long-term
transit demand varies and further affects the selection of transit technologies and the optimal
configuration of the transit network (\Vuchic, 2005). The interactions between transit system and land use
has long been recognized (Wegener, 2004; Acheampong and Silva, 2015). It is therefore expected that an
integrated planning of transit system and property development would render modern cities an
opportunity of sustainable growth against the deteriorating roadway traffic congestion and air pollution.
However, the literature has so far offered a limited guidance to the practice request. Consequently, the
performance of the transit network planning in practice may be suboptimal and myopic using the
conventional design models that by-and-large ignored or over-simplified the feedback of land use.

The literature on transit network design is plenty. Many studies have explicitly incorporated into their
models with substantial real-world details, including different network forms (e.g., grid and ring-radial),
multiple operating schemes (e.g., all-stop and skip-stop), and geographical constraints on route and stop
locations (Holroyd, 1967; Daganzo, 2010; Freyss et al., 2013; Ouyang, et al., 2014; Chen et al., 2015).
Nonetheless, a majority of the existing transit design models are assumed to have specific transit demand
patterns, which are explicitly or implicitly determined by exogenous population distributions (Daganzo,
2010; Chen et al., 2015; Newell, 1973; Vaughan, 1986), or are determined by origins and destinations
distribution, such as one-to-many, many-to-one and many-to-many (Ghoneim and Wirasinghe, 1987;
Newell 1979; Li et al., 2012). Several advanced transit design models have been developed with spatially
heterogeneous demand to reflect the variations of land use (Ouyang, et al., 2014, Chien and Schonfeld,
1997; Chien and Schonfeld, 2002). These models, however, are static and cannot capture the interactions
between transit system and land use.

Most recently, Li et al. (2012) conducted a pioneering work by integrating the rail line design and
property development, which accounts for the households’ residential location choice behaviours.
Furthermore, Li et al. (2015) applied the integrated model framework to the transit technology selection
and investment timing problems. Several insightful findings were presented in their study, such as the
significant impacts of integrating property development on the optimal transit design and the population
thresholds of transit technology investment. These two pioneering works, however, have several
limitations: for instance, (i) a fixed and uniform housing supply was assumed in Li et al. (2012) at any
locations in the city, which failed to simulate the property developers’ behaviour (e.g., varying housing
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supply) in response to the design of transit system; (ii) travellers’ transit travel cost was simplified in Li et
al. (2015) as a linear function of distance irrelevant to any transit configurations, which inevitably
restricted the proposed model in guiding the optimal design of the transit system; and (iii) the two studies
were limited to monocentric corridors, where all the patrons travel to a single Central Business District
(CBD) from home. Empirical evidences show that transit corridors connecting multiple activity centers
(typically two, e.g., one CBD and one subcenter, or a pair of neighboring cities) widely exist in the world
(Yiu and Tam, 2007; Yiu, 2011). In a polycentric corridor, the housing location problem is very different
from the case of monocentric corridor, particularly for households with multiple workers who commute to
different activity centers along the corridor. To our best knowledge, the transit design problem
considering housing location choices in a polycentric corridor has not been addressed in the literature.

In light of this, the paper develops a continuum approximation model for the transit design in a bi-centric
corridor considering the patrons’ residential location choice in a long term. Three major extensions to the
above-mentioned studies are made: (i) the housing demand-supply equilibrium is explicitly established to
simulate both households’ location choice behavior and property developers’ housing supply behavior; (ii)
the optimal design of a corridor transit system is placed in a linear polycentric corridor, which enables a
general representation of modern cities with multiple activity centers; and (iii) heterogeneous design (in
terms of location-varying stop density) is optimized to the transit system so as to best fit the endogenous
non-uniformly distributed demand. Additional insights are shed by applying the proposed model to the
transit technology selection problem with regard to the changes in the urban population and the income
level. Moreover, the optimal design problem is formulated into a mathematical program minimizing the
total system cost (i.e., the sum of households’ commute cost and transit agency cost) with housing
equilibrium constraints (MPEC). This MPEC is solved by a two-stage approach employing the Direct
Iteration Method and the Lagrange Multiplier Method with the Karush-Kuhn-Tucker condition (KKT). Our
methodology can be easily extended to model corridors with more than two centers.

The remainder of this paper is organized as follows: next section presents the basic modeling assumptions
and the corridor layout. Section 3 presents the transit system metrics, and the housing market equilibrium,
followed by the solution algorithm in section 4. Section 5 conducts the numerical studies to demonstrate
the effectiveness of the proposed model. Conclusions and future researches are drawn in the last section.

2 Modeling Assumptions and Corridor Layout
Without loss of generality, the following assumptions are made in this paper to facilitate the model development:

Al. The corridor of concern is assumed to be linear; the land within the corridor boundary is a featureless plain
identical and ready for the residential use; and the value of land at/beyond the boundary is equal to the
agricultural rent or opportunity cost of the land (Fallis, 1985). All employment, shopping, and other activities
occur in multiple pre-specified centers (i.e., two in this study) that are not necessarily of identical characteristics,
e.g., a primary central business center (CBD) and a secondary CBD, namely Center | and Il (as shown in Figure
1) (Romanos, 1977).

A2. The total population of households in the corridor is exogenously given and fixed. All households are
assumed to be homogeneous with respect to the socioeconomic characteristics (e.g., value of time). With the
aim of maximizing the utilities, households make decisions on the choices of the residential locations and
housing consumption (in terms of gross floor area per household) within their budget constraints (Alonso, 1974;
Fallis, 1985; Fujita, 1989; Magliocca et al. 2012). Their utility function follows the form of a Cobb-Douglas
function (Fallis, 1985), which is additive, separable, and logarithmic.

A3. The property developers determine the intensity of capital investment in the perfectly competitive housing
market to maximize their net profits (assumed as zero) from the supply of housing service (Romanos, 1977,
Fallis, 1985; Li et al., 2015). The housing supply of property developer is assumed to follow a Cobb-Douglas,
first-degree homogeneous function of the inputs of land and capital (Beckmann, 1974; Romanos, 1977; Fujita,
1989; Li et al., 2015).
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Fig. 1 Transit system in a linear two-center corridor



In the above corridor, the travel demand is derived from households that consist of multiple workers, who
commute from their residences to the predetermined locations of employment in the centers. The total number
of trips (denoted by o) per household per day is assumed to be constant, and is split into two centers by
ky(x), ki (x) > 0 (k;(x) + k;;(x) = o), where k;(x), k;;(x) depends on the proximity to the Center I and I,
respectively (see the Appendix A) (Evans, 1973). To serve the daily commuting trips, there are two transit
lines in each direction; one of them runs from the boundary to the near center (i.e., the short-haul Line W1 and
E1 at west and east sides, respectively), and the other connects the far center (i.e., the long-haul Line W2 and E2,
respectively), as shown in Fig. 1. Transit vehicle stops at each stop to pickup and delivery patrons, and the
average dwell time at each stop is assumed to be constant (Wirasinghe, 1981; Kocur and Hendrickson, 1982;
Nourbakhsh and Ouyang, 2012; Sivakumaran, et al., (2014)). In the long run, considering households’
location choices, the transit agency seeks to optimize the transit system design to best serve the derived travel
demand. Next section presents the model formulation of the optimal design problem.

3 Model Formulations
The transit system design is to determine the stop density (o(x), as a function of location x) and the headway
(H;;, as scalar variables). The objective is to minimize the generalized system cost (denoted by Z), which is the

sum of patrons’ commuting cost (I') and transit agency’s cost (4,). The optimal design problem is formulated as
follows.

minZ = N%(F (Xl,Xz,n(x),Hij,p(x)) + A, (Xl,Xz,n(x),Hij,p(x))) (1a)
subject to:
Vehicular capacity constraint: Oij(n(x),Xl,Xz,HU) < Cy (1b)
Headway constraint: H;, = miH;;, m;=1,2,3, ...,0r 1/2, 1/3, 1/4, ... (1c)
Housing market equilibrium: see Egs. (12a-c) in section 3.3

where N is the total number of households; and u is the value of time for the transit patrons ($/h). X; and X, (km)
are the west and east boundaries of the corridor. n(x) (households/km) is the household density at location x. In
the vehicular capacity constraint (1b), the 0, (-) and 0, (+) are the maximum vehicle occupancy along the transit
line operating from west and east sides; and C,, denotes the vehicle’s passenger-carrying capacity. Constraint (1c)
regulates a dispatching scheme of two transit lines that maintain a regular headway of vehicles at each side of
the corridor, of which detailed derivation is furnished in Appendix B. Detailed formulations of I'(+), A,(-), 0, (-)
and 0, (+) are presented in section 3.1 and 3.2. Lastly, the housing market equilibrium (described in section 3.3)
determines the stable household distribution (n(x)) in the long run under the optimal design of the transit
system.

3.1 Patrons’ commuting cost
For commuters travelling from their residential location x to Center i, their travel time, denoted ¢(x),
equals to the sum of three components, i.e., the access time to the closest transit stop, A(x), the waiting
time at the transit stop, W (x), and the in-vehicle travel time from the stop to the destination, T (x):

e(x) =Ax) +G(x) + T(x),Vx € [—X1,X,] 2)
Continuum approximation is applied to the above three components. First, it is assumed that the access time
(A(x)) for each commuter within two consecutive stops is represented by the average time of an uniformly

. . R . 1 . . . 1 .. .
distributed population, i.e., p ) which is the average access distance (?(x)) divided by the walking speed

(v,,)- Second, the waiting time (G (x)) at stops is a function of transit headway % (Described in Appendix B) or

H%, as assumed in the previous studies (Medina et al. 2013). Third, the estimation of the in-vehicle travel time

(T (") is consisted of delays in stop, t;p(x), which is product of delays in each stop (t4, caused by acceleration,
dwelling and deceleration of transit vehicle at stop), and stop density (p(x)), and the travel time with cruising

speed (Ui), which v, is the cruising speed. For the estimation of travel time with cruising speed (T(-)), the
t

difference between the time of vehicle travelling to the destination from location x and from the closest transit

stop (i.e., on average, where v, the average operating speed of transit vehicles) is ignored so as to avoid

4vsp(x)
the discrete nature associated with the integer number of stop spacing in the latter estimation. Thus, the T (") is

approximately expressed as a continuous function of (t;o(x) + vl) from the commuters’ residential location (x)
t
to the Center | and II, ie., |[° (tdp(x) + i) dx| and | [° (tdp(x) + i) dx|. Note that the above
X vt X vt .
)

4vsp(x)

approximation of the in-vehicle travel time is acceptably accurate: for instance, the estimation error (



would be less than 0.5 minutes for rail transit with the average operating speed of 60 km/h and the stop spacing
in the range of [0, 2] km. Thus, Eq. (2) can expressed by:

1 H 0 1
TW +J, (tdp(x) + V_t) dx,Vx € [—X;,0]

4vy,p(x)
i) = 1 H 1 (3a)
o I [ (tap () + ) dx, Vx € [0,X;]
4v 1p(x) +— HE1 + f (tdp(x) + —) dx,Vx € [—X;,D]
oul) =" (3b)
4va(x) +f (tdp(x) + —) dx,Vx € [D, X,]

Where D is the given distance between Centers I and Il. So, the total daily travel cost (I') is the integral of each
commuting cost, ug(x), along the corridor.

I'=pu f_X;l(A(x) + G(x) + T(x))n(x)dx (4a)

The total daily access cost (I3), daily waiting cost (I;,), and daily in-vehicle travel cost (I7) for the entire
population are introduced to simplify expression, and they are the integral of the each access cost (I, =
u f_X;lA(x)n(x)dx), the each waiting cost (I; = u f_X;lG(x)n(x)dx); the each in-vehicle cost (I =

U f_X;l T (x)n(x)dx), along the corridor. Then, the total daily travel cost can be expressed by:

where I, I;, I are formulated as follows:
_ X,  on(x)
Ih= —X1 4vy, p(x) x ®)

I;=pu (fo Aw Pk, On(x)dx + fD HWZ 22 e COn(x)dx + fxz il k;(0)n(x)dx + sz He ky (x)n(x)dx) (6)

Lr=uf? B (% + tdp(x)) dx (7)
where B(x) is the cumulative in-vehicle passengers in two directions, which is formulated as:
f_xX1 on(x)dx x € [—X;,0)
B(x) = I f_"X1 ke (On()dx + [ k; (On(x)dx x € [0,D] (8)
L f;z on(x)dx x € (D,X,]

The critical vehicle occupancy is determined by the maximum value observed at the left and right sides of the
two centers:

Oyy = Hy k- f_‘)xl £k, (On(x)dx (9a)

Owa = Hyic- max (0, kyonGdx, [ furkiGOnGIdx + [° kyy(on(x)dx ) (9b)
Op1 = Hesk* 2 ferky (O)n(x)dx (9¢)

Op = Hpyic max< OXZk,(x)n(x)dx, sz feakn (X)n(x)dx + szk, (x)n(x)dx> (9d)

Where k is the design hour factor, defined as the ratio between peak hour demand and daily demand; f;; is the
frequency from boundary i to nearer center by line j, which is described in Appendix B.

3.2 Transit agency’s cost
The transit agency cost depends upon four metrics (Daganzo, 2010): the length of transit line (L), the number of
transit stops (S), the transit vehicle kilometres travelled per day (K), and the transit vehicle hours travelled per
day (M). So, the agency cost is given by:

Ay =m L+ 7m,S+ngK+myM (10)
where 1, , g, Tk, ), are the unit costs related to L, S, K, M, respectively. The four-cost metrics are formulated as
follows:

S=t f_";l p(x)dx (11b)
_ X KatD) | Xp | (Ka—D)
K = 2T, (HW1 + Oy ey O ) (11c)



(11d)

0 D X X
K J_x, pdx  [Zy p(x)dx Zpydx 2 p(x)dx)
M:v—t+rthr( . n +2 +2

Hyq Hw HEz Hpy
where X; + X, is the line length in one direction; 2 expresses two directions in Eq. (11a); t is the number of
transit stops in two directions in Eq. (11b). T, is the transit daily operation hours, and Ko GarD) Xz gpg K1mD)

Hwi' Hwz 'HEgz HE1
are the trip distance of four lines per hour in Eq. (11c), respectively. In Eq. (11d) Uﬁis the operation time of
t

0 D
Jox, p@)dx [_y pGodx [X2 px)ax
) , and
Hy1 Hy> HE;

number of the vehicles passed in four lines per hours, respectively.

152 p(xyax)
HE

vehicle with desire velocity in four lines per hour; are the stop

3.3 Housing market equilibrium

In the two-center corridor, the housing market spatial equilibrium satisfies three conditions with respect to the
accommodated population and land value at the corridor boundaries. Detailed derivations are furnished in
Appendix C and D. Here we directly summarize the final results as follows. First, the total population of
households, N, fits exactly inside the corridor area defined by its boundaries (X;, X,), expressed by:
0 D X2

j n(x,po)dx+f n(x,po)dx+f n(x,pg)dx = N (12a)

-X1 0 D
where X, X, is the to-be-determined distance from the corridor boundary to the Center I; where p, represents
the average housing rental price at Center I.

Second, according to Al, the land value at the corridor boundaries equals the exogenous agriculture rent, and

thus the following two equations hold true:
1

=B XN -8
r(=X1,po) = bF(p7" — 1) <p0 (%)(1 )yﬁ) ~Ta (120)
) N
=B — o 1-8
r(Xypo) = bA(F~1 = 1) <P0 (Fo)” Wﬁ) =7 (12¢)

where 7, is a constant agricultural rent; Y is household’s income per year; ¥ (x) is the annual travel cost per
household in the two-center city and is expressed in Eq.(20c); b represents the unit cost of capital. a, f and y
are parameters of households and property developers’ utility functions.

Note that on the basis of Eqgs. (12a-12c), once the annual travel cost 1 (x) is known at any location x, the
housing market equilibrium can be resolved with three independent variables, p,, X;, X,, and subsequently
the housing distribution, n(x, p,y), can be determined.

4 Solution Method

The optimization model described in section 3 includes an integer constraint. To improve the computational
efficiency, we first solve a relaxed program without the integer constraint (1c). We then search for the lowest-
cost solution that satisfies (1c¢) in the neighbourhood of the relaxed program’s optimal solution (Fan et al.,
2018). Moreover, as described in section 3, the model is split to three steps: trip generation, trip distribution,
transit optimization, which can be summarized as demand spatial distribution and transit optimization, as shown
in Fig. 2. The demand spatial distribution parameters, n(x), X;, X5, k;(x) and k;;(x), determine transit system
optimization. At the same time, the transit metrics, p(x), H, and H,, also influence the demand spatial
distribution by travel time function ¥ (x) in trip generation. The relationship between the trip generation
parameters, n(x), X; and X,, and the trip distribution parameters, k;(x) and k;;(x), are unidirectional in
demand spatial distribution. So, there is a bi-level program consisting of the demand spatial distribution and
transit optimization. Moreover, when the demand spatial distribution and mode split are solved, the transit
optimization can be solved by Lagrange Multiplier Method with the Karush-Kuhn-Tucker (KKT) conditions,
and the results are as follows:
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Fig. 2 Flow chart of solution method

The optimal conditions of density p(x) could be expressed as:

uon(x)

) = &
P (x) - 2\[vw(utdB(x)+71:MTTth’1:+n:sr) (138.)
Where,
(L vl ve-x,0
| Hyy  Hy, v
1 1
H = +— x€[0,D 13b
i HW2 HEZ [ ] ( )
1,1 e (D, X,]
—r— )
iy, " Hy '
The optimal conditions of headway H;; without headway constrain could be expressed as:
* H
Hy, = 5 =
‘ “"lez/Vz (f_xl kl(x)n(x)dx) J (14&)
JTr((4(nKvt+nM)X1+2nMut‘rtd(f2X1p(x)dx))
D
 Hy1 2 0 D _ Tr(4(n1(vt+nM)(X1+D)+2nMvtrtd f_xlp(x)dx) 14b
(Hivz+Hw1) ”f—xl I 0On(x)dx + ”f—xl ky(x)n(x)dx = T (14b)
X H
Hgy = £ —Hg,
. Tr((4(nKvt+nM)(Xz—D)+2ﬂMVtde(fg2P(x)dx)> (14C)
woeh, (I 2 k(o dx)
X2
Her \2 (% X, B Tr(4(nxvt+nM)Xz+2nMvtrtd I p(x)dx)
(HEz+HE1) w52 e Con(x)dx + u ;% k (0)n(x)dx = e (14d)
Considering the headway constraint, (14a-d) are rewritten into:
i Tr((4(nKvt+nM)((mW+1)X1+D)+2nMvETtd(mW f_oxl p(x)dx+f_DX1 p(x)dx)) (15&)
w1 wvemyy (min(Lmy) [0 kiGORCOdxtmy [O kiGon(xdx)
. Tr((4(nxvt+nM)<(mE+1)xz—mRD)+2nMvtrtd(ffzp(x)ax+mg f,f%(x)dx)) (15b)
E1 ™ ;wtmE(mE fOXZ k;(0)n(x)dx+min(1,mg) fgz k”(x)n(x)dx)
Hyy, = my Hyy (150)
Hpy = mgHg, (15d)

As described in Egs. (13a-15d); the stop density, p(x), and the headways, H;;, are interdependent. So, the
nonlinear optimization problem can be solved by the nest two-stage procedure employing the Direct Iteration
Method. The step-by-step procedure is summarized as follows:



Step 0 Initialization. Assign initial values to the decision variables k' (x), k® (x), p{”, ¥, x{, p© (x),

Hl.(;’). Set the iteration counter n, = 1. If flag is not exit, set flag=0.
Step 1 Solve the demand spatial distribution.
Step 1.1 Solve the trip generation.
Step 1.1.1 Calculate households’ annual travel cost 1 (x) with daily trips, k,('“_l)(x), k,(,'“_l)(x), and
transit meters, p~Y(x), and Hi(}“_l), by Egs. (20c, 3a-3b).
Step 1.1.2 Substitute @) (x) to the nonlinear equations (12a-12c) and solve the housing market
equilibrium to yield the results of p{", x 1), x {1,
Step 1.1.3 Output the housing density, n®2 (x), by Egs. (31, 30, 26).
Step 1.2 Solve the trip distribution
Calculate the daily trips, k" (x), k™ (x) at any location x(x € [x", x{"]), by Egs. (17a-17b).

Step 2 Solve the transit optimization
(1.0)
U
Step 2.1 Calculate the density of stop p(172)(x) at any location x(x € [X"?, X{™)]) with the Hl.(}“'o) and
Egs. (13a-13b).
Step 2.2 if flag=0, go to Step2.2.1; else go to the Step 2.2.2
Step 2.2.1 Calculate headway without headway constrains. Substitute p172)(x) to Eqgs. (14a-14d) and get
the new headway Hl.(;“‘"Z). Then go to the step 2.3

Step 2.0 Assign the initial headway H . Setting the iteration counter n, = 1.

Step 2.2.1 Calculate headway with headway constrains. Substitute p(7172) (x) and m; to Egs. (15a-15d) and
get the new headway H,*">).

|p(’71"72) (X)_p('llr'lz—l) ) |

Step 2.3 Check the convergence. If the relative gap in any location x is smaller than a

p(nl.nzfl)(x)
pre-specified tolerance, e.g., £=0.001, updating the transit metrics, p19) (x) = p@112)(x), Hi(j'“) = HS“’"Z),
and go to next step; otherwise, set n,=n,+1, and go to Step 2.1 at Step 2.

Step 3 Check the convergence.
[n10) () —n 11~ (x)|
n(M1) (x)

£=0.001, go to the Step 3.2; otherwise, set n;=1n,+1, and go to Step 1.
Step 3.2 Judgment whether the flag is 1, if it is, report the solutions and stop, otherwise, set the flag =1, and
go to next step.

Step 3.1 If the relative gap in any location x is smaller than a pre-specified tolerance, e.g.,

(m1)
Step 3.3 Calculate the set of m;. If H[f,’]zl) > H&ﬁ;), the set of my,, is consisted of the floor and ceiling of :‘g‘,’fl);
w1
1)
else, the set of m,, is consisted of the inverse of the floor and ceiling of :‘{'{711) It’s similar to mg. Then, repeat
w2

Step 0 to Step 2 with four possible combinations of the m,,, and my, respectively, get the lowest-cost solution
among them and stop.

5 Numerical Experiments

We apply the proposed models and solution method to conduct numerical experiments for various operating
scenarios. Section 5.1 examines the optimal design of a rail line in a bi-center corridor; section 5.2 compares the
rail line designs for monocentric and bi-centric corridors; section 5.3 compares the optimal designs of rail, Bus
Rapid Transit (BRT) and regular bus systems; and section 5.4 compares the optimal transit line combinations.
The parameter values are furnished in Table 1 (Romanos, 1977; Gu et al., 2016; Daganzo, 2010).

Table 1 Parameter values for the numerical experiments

Parameters Values Parameters Values
a 0.75 y 0.08

B 0.7 D, km 5

w, days/year 250 T,, hiday 16

u, $/h 20 o 4

b, lyear 5% & 0.75
N, households 10,000 ) 0.4




Parameters Values Parameters Values

7, $/km?/year 3,000 K 0.1
Parameters Rail system BRT system Bus system
T, Stops 2 1 1

v, km/h 2 2 2

v,, km/h 60 40 25

ty, S/stop 45 30 30

Cy, spaces/vehicle 1800 100 80

1, $/km/day 14256+475.2 u 3888 + 129.6u 144+4.8 u
g, $/stop/day 7056+235.2 100.8+3.36 10.08+0.336
g, $/veh-km 22 0.66 u 0.59 u

1, $/veh 2424+5 u 91.44+4 63.84+3u

5.1 Optimal rail line design considering two activity centers

Table 2 summarizes the optimal design variables of the rail line with different centers’ distance, D={5, 20}km,
including the headway and corridor boundaries, as well as the optimal commuting cost, transit agency cost, and
total system cost with different centers’ distance. The corridor with 20 km distance between two centers results
in larger commuting cost (increasing 8.0%) and agency cost (40.1%) than that with only 5 km, but smaller
distance between boundary and nearer center. Moreover, larger centers’ distance does not only increase the
headway to far center, and decrease that to near center, but also brings out a new transit line from right boundary
to Center Il occurrences.

Fig. 3 and Fig. 4 plot the optimal stop density p(x) against x and the locations of every stop (obtained using a
discretization recipe similar to Wirasinghe and Ghoneim, 1981). The stop density p(x) is broken near centers,
caused by discontinuous travel attractiveness, which presents as piecewise function of the cumulative in-vehicle
passengers B(x). When the centers’ distance is 5 km, the higher stop density spots appear inside section B
around each center because of smaller cumulative in-vehicle passengers and integrated headway; the highest
stop density is observed near Center | because of its higher attraction. However, when the centers’ distance is 20
km, the smaller stop density spots appear inside section B and the difference between two higher stop densities
near centers is small, that is because the higher cost of the line from farer boundary lead to larger headway from
farer boundary and smaller integrated headway from nearer boundary, and the influence of center attraction
almost weak to zero. Moreover, in section B, the stop density declines, even to zero when the centers’ distance
is large enough (such as two-city corridor presented in Fig 4), as the location moves away from the activity
centers, same as that in sections A and C. This result is aligned with the household density at the market
equilibrium, as shown by the red solid curve in Fig. 5 and Fig. 6. Fig. 5 and Fig. 6 also plot the floor space
consumed per household as the blue dashed curve, and one can see that this floor space per household exhibits
an opposite trend to the household density as x moves away from the centers. This is also as expected. This
numerical example manifests the capability of our models for handling the spatial heterogeneities in transit
system design and household distribution jointly.

Table 2 Optimal rail line design with different centers’ distance

Design variables and cost terms D=5 km D=20 km

Range of stop density, stops/km (0, 0.64) (0,0.57)

H, min [38.44, 9.61, 7.50, -] [ 25.68,12.88,12.15,24.29]
X4, km 12.67 10.82

X,, km 16.54 30.96

Household’s commuting cost, h/ho/day 1.62 1.75

Transit agency cost, h/ho/day 8.01 11.22

Total system cost, h/ho/day 9.63 12.97

The “-” presents the value is more than 60, which means this transit line is not existing.
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5.2 Comparison between monocentric and bi-centric corridors

We compare three hypothetical corridors: a monocentric corridor with & = 1; and two bi-centric corridors with
£=0.75 (asymmetric) and £=0.5 (symmetric), respectively. Table 3 presents the optimal designs, Fig. 7 plots the
optimal household density distributions for the three corridors, and Fig. 8 plots the optimal stop density
distributions for the three corridors. Not surprisingly, the monocentric corridor has the lowest user and agency
costs since greater aggregation of activities leads to more cost-effective mass transit system design. However,
bi-centric corridors have lower household densities and stop density, especially in the vicinity of the centers
where the density is the highest. This implies that residents in a polycentric corridor enjoy more spacious homes,
which contributes significantly to the quality of life. Moreover, with the increasing of attraction to Center Il the
headway of transit line from left boundary to Center | increases, even it is larger than one hour (presented by ‘-°).
To the contrary, that from left boundary to Center Il decreases, even it is smaller than one hour. So, as the
attraction changes, the different transit line combinations are presented. Besides, these bi-centric corridors may
exist due to geographic, historical, and cultural reasons (e.g., the Hong Kong-Shenzhen rail corridor and the
Johor Bahru-to-Singapore rapid transit corridor examined in Yiu, 2011).

Table 3 Optimal designs for the monocentric and bi-centric corridors

Design variables and cost terms MuieeItic Eiscotiic

E=1 & =0.75 £=05
Range of stop density, stop/km (0, 0.65) (0, 0.64) (0, 0.64)
H, min [7.05,-,7.05,-] | [38.44,9.61,7.50, -] | [-,7.80,7.80, -]
[—X;,X,], km [-14.00,14.00] | [12.67, 16.54] [12.13,17.13]
Household’s commuting cost, h/ho/day | 1.61 1.62 1.63
Transit agency cost, h/ho/day 7.67 8.01 8.02
Total system cost, h/ho/day 9.28 9.63 9.65
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g. 7 Household distributions for monocentric and bi-centric corridors
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5.3 Comparison between different transit modes

In this section, we compare the optimal rail corridor against the optimal designs of BRT and bus corridors,
where all the other operation conditions and parameters are kept the same. Table 4 presents the optimal designs
and cost terms for the three transit modes, and Fig. 5 plots the optimal household density distributions. The
comparison unveils that, although a bus corridor has the lowest system cost due to the low agency cost, it
renders the greatest concentration of households near Center I. On the other hand, rail renders a “flatter”
corridor in terms of the household density. BRT has the largest service range (the distance between the left and
right boundaries) because it is much cheaper than rail, and much faster than ordinary bus, and hence can better
serve the patrons residing in remote suburban areas. Additionally, lower operation cost of BRT and Bus result in

higher headway from left boundary to nearer center, that is shown by that this line is not exist.

Table 4 Optimal designs for different transit modes

Design variables and cost terms Rail BRT Bus
Range of stop density, stop/km (0, 0.64) (0, 1.69) (0, 1.87)
H, min [ 38.44,9.61, 7.50, -] | [-,3.56,4.28,-] | [-,2.97,3.84, -]
[X1, Xz], km [12.67, 16.54] [29.81, 33.83] | [21.03,25.46]
Household’s commuting cost, h/ho/day | 1.62 1.42 1.37
Transit agency cost, h/ho/day 8.01 4.65 0.58
Total transit system cost, h/ho/day 9.63 6.07 1.95
CenterI CenterII
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Fig. 9 Household distributions for different transit modes
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5.4 Optimal combination of transit lines

In the light of varying transit-lines combination, sensitivity analysis is conducted with respect to the households
N € [1,10] - 10* and wages u € [10,50]. Table 5 and Table 6 present the Optimal transit line combination by
the set of four transit lines, {W1, Wy, E1, E2}. When the W; /E; is 1, the headway of this line is smaller than 1
hour, and this line is considered existing; otherwise, this line is not exiting. Those tables show that the center
attraction is the main factor influencing the transit-lines combination, the household and the time value affect
the combination when the center attraction near 0.3 and 0.6. The combination with one longer line and one short
line occurs when there is only one center; the combination with two longer lines occurs when the attraction near
0.5; the combination with four lines is not exist.

Table 5 Optimal transit-lines combinations with difference households (N) and center attractions (&)
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Table 6 Optimal transit-lines combinations with difference time values («) and center attractions (¢)

4 ($/h) 0 |01]|02|03|04|05]|06
10 01110111 {0111 {0110 0110|0110
15 01110111 0111|0110 (0110|0110
20 01110111 {0111|0110 | 0110|0110
25 01110111 0111|0110 | 0110|0110
30 01110111 {0111|0110 | 0110|0110
35 01110111 {0110| 0110 (0110|0110
40 01110111 {0110| 0110 | 0110|0110
45 01110111 {0110| 0110 (0110|0110
50 01110111 0111|0110 0110|0110

6 Conclusion and Future directions

In this paper, a continuum approximation approach was proposed to model the transit design problem in a bi-
centric corridor considering households’ residential location choices in a long run. The total system cost (i.e.,
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the sum of households’ commuting cost and transit agency’ cost) is minimized to most effectively serve the
travel demand. As opposed to the conventional transit design models (that were mostly built in monocentric
corridor with exogenously given or over simplified demand), the proposed model furnishes the optimal transit
system for multi-worker households commuting to different job centers.

Some important findings and new insights were obtained. First, the bi-centric model results in substantially
different results from the monocentric ones with respect to the population distribution and the optimal
configuration of transit system. Second, the inherent characteristics of the corridor, e.g., the distance between
two centers and their trip attractions, play a vital role in determining the optimal transit systems (e.g., the
combination of short- and long-haul transit lines to two centers). Third, different transit modes may also
influence the long-term development of the integrated transit and housing systems. Finally, upon research
interests, the proposed bi-centric model could be readily extended to multi-center ones by introducing the
additional centers and correspondingly indicating the daily trip attractions to households.

In the future, several extensions can be conducted to the current study: (i) introducing heterogeneous households
in terms of their trip patterns, values of time, and annual incomes; (ii) modeling other travel mode in addition to
transit, such as private car and public bicycle; and (iii) incorporating a non-monocentric corridor considering
companies’ location choice and households’ destination choices in travel demand model. Selected study is
undergoing.
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Appendix A Trip distribution

As described in section 2, a gravity distribution model, proposed by Voorhees A.M. (1956), is applied in
trip distribution. So, the trips of per household and per day to Center i, k;(x), can be expressed by:
Aif (Ri(x)

400 = st 1o
Where A; is the attraction trips in center i, and they can expressed by the attracted factor &, i.e., A; = ENo,
and A;; = (1 — €)No; R;(x) is the distance from location x to center i, and can expressed by R;(x) = |x|
and R;;(x) = |x — D|; f(R;(x)) is the distribution cost function, and it can be expressed by f(R;(x)) =
e SRi(¥ 3o, the k,;(x) can be transformed to:

Ee—&lxl
ky(x) = Eo=0IIf (1 — E)o— 31D o (17a)

Meanwhile, the number of trips to Center I, k;; (x), can be expressed by:
kiy(x) =0 —ki(x) (17b)

Appendix B Timetable constraints

As described in section 2, there are two transit lines are severed from the boundary to nearer center in one
direction. However, the integrated waiting time is not only related to the value of headways, but also are
influenced by the headway phases of two lines, i.e., the time interval of the vehicles of two lines. For example,
as shown in Fig. 11, there are two types of timetable when the headways are same, under which the average
waiting time would be 0.25H;; and 0.5H;,, respectively. So, an assumption is made in this paper: the departing
times of transit vehicles are uniformly distributed on timetable as exemplified in Fig. 12-13.

W/E; WIE;, WIE; W/E;,  WIE, W/E,  WI/E, WI/E; WIE; WIE,

o o E o H o = o

a) Phase difference is 0.5H;,

W/E, W/E, W/E;, W/E; WIE,

D 7 ) [~ ]
) @ () @ @ >
W/E: W/E: WIE, WIE; W/E: ¢

b) Phase difference is zero
Fig 11. A timetable with different phase difference when H;, = H;;
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W/E, W/[E, WIE, W/E, W/[E, WIE, W/E. W/[E, WE, WIE,

o0 1 0 0 B 0 0 -
t

Fig 12. A timetable when H;, = m;H;; m; = 1,2,3, ...

WIE;, WE,  W/[E;  WIE;, WE,  W/E;  WIE;, W/E,  WE, WE;

o N o = R o =R O

Fig 13. A timetable when H;, = m;H;y m; = 1,=,-, ...

So, the line frequency from boundary i to nearer center by line W/Ei; and line W/E;, are defined as f;; and f;5,
respectively, and described by their proportion of transit vehicle departing frequency as follows (Schmdcker et
al., 2016):

1

fir = (182)
Hiy Hip
fa=1-fa (18b)
The integrated headway from boundary i to nearer center can be approximated by:
H =—1
i H;u Hilz (19)

Appendix C Housing demand models

According to Assumption A2, this paper adopts the following Cobb-Douglas form of household’s utility
function (Fallis, 1985):

U(z,q) = alog(z) + (1 — a)log(q) (20a)
subject to the household’s budget constraint:
z+p)g=Y —(x) (20b)
where U (+) represents the household utility function; z is the quantity of household’s composite good, of
which the price is standardized to one; q is the quantity of housing service consumption (i.e., gross floor
area); and « is a positive constant parameter reflecting the “attraction” of each factor. In the household’s
budget constraint (20b), x is the housing location; p(x) is the average annual rental price per unit of housing at
location x; Y is the household’s annual income; and ¥ (x) is the annual travel cost per household in the two-
center city, which can be expressed as:

Yx) = MW(k1(x)§01(x) + k{l(x)¢11(x)) (20c)
where u is related to household’s income in the equation of Y = 2 x 8wu, where 2 is indicates two
workers per household, 8 indicates eight working hours per day; wis the annual work days, i.e., 250;
@;(x), p;(x) are the travel time per commuting trip from/to location x to/from Center | and IlI,
respectively.

Substituting Eq. (20b) into Eq. (20a) obtains the converted households’ utility model as follows:

Ux,q) = alog(Y —p(x) —p(x)q) + (1 — a)log(q) (21a)
Solving the corresponding utility maximization problem of Eg. (21a) with respect to g and x yields the
first-order optimality conditions:

oU(xq) _ ap(x) Q-a) _
da (—yp@-p@a) q 0 (21b)
UG _  a(Pr+p’(0q) _
x -~ U-dGo-pon)  © (21¢)
Rearranging Eqgs. (21b-21c), we obtain:
_Q-9,

q(0) =7 (Y =¥ () (22a)
YP'(x)+p'(x)g=0 (22b)

Substituting q(x) in Eq. (22a) to Eq. (22b) obtains:
pr(x) (1-a) — Pr(x) (23)

PO (Y-p)
Integrating both sides of Eq. (23) from 0 to x yields:
(1 = a)(logp(x) — log(p(0))) = log(Y — ¥ (x)) — log(¥Y — y(0)) (24)

After taking antilog, we obtain the function of housing price as follows:
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1
Y-y (x)\(1-a
PG po) = po (=) (25)

1

. . . y—po)) \?
Subsequently, the housing rental price at Center Il can be given by p(D) = p, (Y—I/J(O)) .

Substituting p(x) in Eq. (25) to Eq. (22a) produces the function of household’s housing consumption:

1

q(x,po) = —(1_,1)(,;:,,(0))(1_@ (¥ — 90 (26)

Egs. (25, 26) indicate that for a given p,, the housing price (p(-)) decreases and the housing floor space (g(-))
per household increases as the annual travel cost ((+)) increases, and vice versa. However, in order to provide
a health living environment, the minimum living area, q,,;, = 45 m?, of a family with two or more people need
to be limited (Gallent et al., 2010).

Appendix D Housing supply models

As A3 indicates, the amount of property developers’ housing supply at any location (x) is a Cobb-Douglas
function of the inputs of land and capitals (Romanos, 1977; Fallis, 1985; Li et al., 2015):

O(x) =yFEM By >0,0<p <1 27
where ®(x) is the housing supply (i.e., total floor area) at location x; F denotes the input of capital to build
dwellings; M represents the input of land; and parameters y, 8 are pre-specified constants. Eq. (27) can be
converted into:

¢p(x) =ye(x)f,y >0,0<p <1 (28)
2.
M L

where ¢ (x) is the average floor area per unit of land area, i.e., ¢p(x) = and e(x) is the amount of capital

invested on one unit of land, i.e., e(x) = % .

Let r(x) be the value per unit of land area at location x and b is the unit cost of capital (i.e., the annual interest
rate plus the annual cost of depreciation of a unit of capital), the net profit per unit of land, A(x) at location x
can then be given by:

A(x) = p()(x) = (r(x) + be(x)) (29)
where the price per unit of housing, p(x), is obtained by Eq. (25). The first term of Eq. (29) is the total revenue
from the housing rental. The final two terms are the land rent cost and the capital cost, respectively. It is
observed that A(x) is a strictly concave function of e(x) since its second derivative with respect to e(x) is
negative.

According to A3, property developers aim to maximize their net profit by determining the optimal capital
investment. Thus, the first-order optimality condition of the maximization problem of Eq. (29) with respect to

e(x) satisfies ‘;/e\—g)) = p(x)yBe(x)#~* — b = 0 in any location x, and subsequently solving the equation for
e(x) gives:
1
—1\ Y YNGD oyt " (30)
e(x,p0) = (P(IYBL™F = (po (=2 5) ™ v

At the equilibrium, the quantity of the supplied housing services at each location must equal to the quantity
consumed by households. Then the household residential density n(x) at location x can be derived from the
housing supply of ¢ (x) divided by the housing consumption of q(x), as given by:
$(0) _ ye)F
n(x,po) = . a0 (31)
Note that under the perfect competition, the property developers earn zero profit at any location x. Thus, derived
from Eq. (29), the land value equals to property developers’ revenue minus their capital investment:

1

£ N A
r(x,po) = pCOIve(®)F - be(x) = b=A(p~1 ~ 1) (po o) Wﬁ) (32)

Egs. (30-32) define the capital investment intensity (e(+)), residential density (n(+)), and land value (r(-)) at any
locations as functions of the housing rental price at Center | (p,) and the annual travel cost (y(x)). It is stated
that given p,, the capital investment intensity, residential density, and land value consistently decrease as the
annual travel cost increases, and vice versa.
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